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Using the light-front quark model, we calculate the
transition form factors, decay rates, and longitudinal lep-
ton polarization asymmetries for the exclusive rare B →
Kℓ+ℓ−(ℓ = e, µ, τ ) decays within the standard model. Eval-
uating the timelike form factors, we use the analytic continu-
ation method in q+ = 0 frame to obtain the form factors F+
and FT , which are free from zero-mode. The form factor F−
which is not free from zero-mode in q+ = 0 frame and con-
taminated by the higher(or nonvalence) Fock states in q+ 6= 0
frame is obtained from an effective treatment for handling the
nonvalence contribution based on the Bethe-Salpeter formal-
ism. The covariance(i.e. frame-independence) of our model
calculation is discussed. We obtain the branching ratios for
BR(B → Kℓ+ℓ−) as 4.96 × 10−7|Vts/Vcb|2 for ℓ = e, µ and
1.27 × 10−7|Vts/Vcb|2 for ℓ = τ .
I. INTRODUCTION
The upcoming and currently operating B factories
BaBar at SLAC, Belle at KEK, LHCB at CERN and
B-TeV at Fermilab as well as the planned τ -Charm fac-
tory CLEO at Cornell make the precision test of standard
model(SM) and beyond SM ever more promising [1]. Es-
pecially, a stringent test on the unitarity of Cabibbo-
Kobayashi-Maskawa (CKM) mixing matrix in SM will
be made by these facilities. Accurate analyses of exclu-
sive semileptonic B-decays as well as rare B-decays are
thus strongly demanded for such precision tests. One
of the physics programs at the B factories is the exclu-
sive rare B decays induced by the flavor-changing neutral
current(FCNC) transition. Since in the standard model
they are forbidden at tree level and occur at the lowest
order only through one-loop (Penguin) diagrams [2–6],
the rare B decays are well suited to test the SM and
search for physics beyond the SM. While the experimen-
tal tests of exclusive decays are much easier than those of
inclusive ones, the theoretical understanding of exlcusive
decays is complicated mainly due to the nonperturbative
hadronic form factors entered in the long distance non-
perturbative contributions. The calculations of hadronic
form factors for rare B decays have been investigated by
various theoretical approaches, such as relativistic quark
model [7–10], heavy quark theory [11], three point QCD
sum rules [12], light cone QCD sum rule [13–16], and
chiral perturbation theory [17,18]. Perhaps, one of the
most well-suited formulations for the analysis of exclu-
sive processes involving hadrons may be provided in the
framework of light-front quantization [19].
The aim of the present work is to calculate the hadronic
form factors, decay rates and the longitudinal lepton po-
larization asymmetries for B → Kℓ+ℓ−(ℓ = e, µ, and
τ) decays within the framework of the SM, using our
light-front constituent quark model(LFCQM or simply
LFQM)) [20–23] based on the LF quantization. The lon-
gitudinal lepton polarization, as another parity-violating
observable, is an important asymmetry [24] and could be
measured by the above mentioned B factories. In partic-
ular, the τ channel would be more accessible experimen-
tally than e- or µ-channels since the lepton polarization
asymmetries in the SM are known to be proportional to
the lepton mass. Although some recent works [25] have
studied the lepton polarizations using the general form
of the effective Hamiltonian including all possible forms
of interactions, we shall analyze them within the SM as
many others did.
Our LFQM [20–23] used in the present analysis has
several salient features compared to other LFQM [7,8]
analysis: (1) We have implemented the variational prin-
ciple to the QCD motivated effective LF Hamiltonian
to enable us to analyze the meson mass spectra as well
as various wavefunction-related observables such as de-
cay constants, electromagnetic form factors of mesons in
spacelike (q2 < 0) region [20]. (2) We have performed
the analytical continuation of the weak form factors from
spacelike region to the entire (physical) timelike region to
obtain the weak form factors for the exclusive semilep-
tonic decays of pseudoscalar mesons [21]. (3) We have
recently presented in [22] an effective treatment of han-
dling the higher Fock state (or nonvalence) contribution
to the weak form factor in q+ > 0 frames, based on the
Bethe-Salpeter(BS) formalism (see also [23]).
The explicit demonstration of our analytic continua-
tion method using the exactly solvable model of (3 +
1)-dimensional scalar field theory model can be found
in [26]. The Drell-Yan-West (q+=q0+qz=0) frame is use-
ful because only valence contributions are needed as far
as the “+”-component of the current is used. Our an-
alytic solution in the q+=0 frame as a direct applica-
tion to the timelike region differs from the method used
in [7,8] where the authors used a simple parametric for-
mula extracted from the small q2 behavior of a form fac-
tor. However, some of the form factors in timelike exclu-
sive processes receive higher Fock state contributions(i.e.
zero-mode in q+ = 0 frame or nonvalence contribution
1
in q+ 6= 0 frame) within the framework of LF quantiza-
tion. Thus, it is necessary to include either zero-mode
contribution(if working in q+ = 0 frame) or the nonva-
lence contribution (if working in q+ 6= 0 frame) to obtain
such form factors. Specifically, in the present analysis
of exclusive rare B → Kℓ+ℓ− decays, three independent
hadronic form factors, i.e. F+(q
2), F−(q2) from the V -
A(vector-axial vector) current, and FT (q
2) from the ten-
sor current, are needed. While the two form factors F+
and FT can be obtained from only valence contribution in
q+ = 0 frame without encountering the zero-mode com-
plication [27], it is necessary to include the nonvalence
contribution for the calculation of the form factor F−.
Our effective method [22] of calculating novalence con-
tributions has been shown to be quite reliable by check-
ing the covariance of the model. Thus, we utilize both
the analytic method in q+ = 0 frame to obtain (F+, FT )
and the effective method in q+ > 0 frame to obtain F−,
respectively.
The paper is organized as follows. In Sec. II, we discuss
the standard model effective Hamiltonian for the exclu-
sive rare B → Kℓ+ℓ− decays and reproduce the QCD
Wilson coefficients necessary in our analysis. The formu-
las of the hadronic form factors, differential decay rates,
and the longitudinal lepton polarization asymmetries are
also introduced in this section. In Sec. III, we calculate
the weak form factors F+(q
2), F−(q2) and FT (q2) using
our LFQM. To obtain F+(q
2) and FT (q
2), we use the
q+ = 0 frame (i.e. q2 = −~q2⊥ < 0) and then analyti-
cally continue the results to the timelike q2 > 0 region
by changing q⊥ to iq⊥ in the form factors. The form fac-
tor F−(q2) is obtained from our effective method [22] in
purely longitudinal q+ > 0 frames (i.e. q2 = q+q− > 0).
In Sec. IV, our numerical results, i.e. the form fac-
tors, decay rates, and the longitudinal lepton polarization
asymmetries for B → Kℓ+ℓ− decays, are presented and
compared with the experimental data as well as other
theoretical results. Summary and discussion of our main
results follow in Sec. V. In the Appendix A, we list the
QCD Wilson coefficients necessary for the rare B → K
transition. In the Appendix B, we show the derivation of
the differential decay rate for B → Kℓ+ℓ− in the case of
nonzero lepton(mℓ 6= 0) mass. In Appendix C, we show
the generic form of our analytic solutions for the weak
form factors in timelike region.
II. OVERVIEW OF EFFECTIVE HAMILTONIAN
IN OPERATOR BASIS
The rare b→ sℓ+ℓ− decay process can be represented
in terms of the Wilson coefficients of the effective Hamil-
tonian obtained after integrating out the heavy top quark
and the W± bosons [2], i.e.
Heff = 4GF√
2
VtbV
∗
ts
∑
i
Ci(µ˜)Oi(µ˜), (1)
where GF is the Fermi constant, Vij are the CKM ma-
trix elements and Ci(µ˜) are the Wilson coefficients. It is
known that the Wilson coefficients C3−C6 of QCD pen-
guin operators O3−O6 are small enough to be neglected
and also the operator O8(∼ Gaµν , strong interaction field
strength tensor) does not contribute to b→ sℓ+ℓ− tran-
sition. Thus, the relevant basis operators Oi(µ˜) to the
rare b→ sℓ+ℓ− decay are
O1 = (s¯αγ
µPLbα)(c¯βγ
µPLcβ),
O2 = (s¯αγ
µPLbβ)(c¯βγ
µPLcα),
O7 =
e
16π2
mb(s¯ασµνPRbα)F
µν ,
O9 =
e2
16π2
(s¯αγ
µPLbα)(ℓ¯γµℓ),
O10 =
e2
16π2
(s¯αγ
µPLbα)(ℓ¯γµγ5ℓ), (2)
where PL(R) = (1∓γ5)/2 is the chiral projection operator
and Fµν is the electromagnetic interaction field strength
tensor. The Lorentz and color indices are denoted as
µ(and ν) and α(and β), respectively. The renormaliza-
tion scale µ˜ in Eq. (1) is usually chosen to be µ˜ ≃ mb
in order to avoid large logarithms, ln(MW /mb), in the
matrix elements of the operators Oi. The Wilson coeffi-
cients Ci(mb) determined by the renormalization group
equations(RGE) from the perturbative values Ci(MW )
are given in the literature(see, for example [3,4]).
Since the operatorsO1 andO2 contribute to b→ sℓ+ℓ−
through cc¯-loops which again couple to ℓ+ℓ− through vir-
tual photon, they can be incorporated into an “effective”
O9. The resulting effective Hamiltonian in Eq. (1) has the
following structure(neglecting the strange quark mass)
Hℓ+ℓ−eff =
4GF√
2
e2
16π2
V ∗tsVtb
[
−2iC7(mb)mb
q2
s¯σµνq
νPRbℓ¯γ
µℓ
+ Ceff9 (mb)s¯γµPLbℓ¯γ
µℓ+ C10(mb)s¯γµPLbℓ¯γ
µγ5ℓ
]
.
(3)
The effective Wilson coefficient Ceff9 (sˆ=q
2/m2b) is given
by [6,28,29]
Ceff9 (sˆ) ≡ C˜eff9 (sˆ) + YLD(sˆ),
= C9
(
1 +
αs(µ)
π
ω(sˆ)
)
+ YSD(sˆ) + YLD(sˆ), (4)
where the function YSD(sˆ) is the one-loop matrix element
of O9, YLD(sˆ) describes the long distance contributions
due to the charmonium vector J/ψ, ψ′, · · · resonances via
B → K(J/ψ, ψ′, · · ·)→ Kℓ+ℓ−, and ω(sˆ) represents the
one-gluon correction to the matrix element of O9. Their
explicit forms are given in the literature [3,4,28–30] and
also in the Appendix A of this work. For the numerical
values of the Wilson coefficients and relevant parame-
ters in obtaining Eq. (4), we use the results given by
Refs. [29,30]: mt = 175 GeV, mb = 4.8 GeV, mc = 1.4
2
GeV, αs(MW ) = 0.12, αs(mb) = 0.22, C1 = −0.26,
C2 = 1.11, C3 = 0.01, C4 = −0.03, C5 = 0.008,
C6 = −0.03, C7 = −0.32, C9 = 4.26, and C10 = −4.62.
In Fig. 1, we plot the effective Wilson coefficient Ceff9
as a function of sˆ. As the real part of Ceff9 , the thick(thin)
solid line represents the result with(without) LD contri-
bution, i.e. Re(Ceff9 )(Re(C˜
eff
9 )). The imaginary (dotted
line) part of Ceff9 is the result without LD contribution,
Im(C˜eff9 ). In our numerical calculation of C
eff
9 (thick solid
lines), we include two charmonium vector J/ψ(1S) and
ψ′(2S) resonances(see Appendix A). The cusp of Re(C˜eff9 )
at sˆ = 4(mc/mb)
2 ≃ 0.34 as shown in Fig. 1 (thin
line) is due to the cc¯-loop contribution from YSD(sˆ)[see
Eqs. (A1) and (A2) in Appendix A]. In Fig. 1, one can
also find that Re(C˜eff9 )≫ Im(C˜eff9 ).
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FIG. 1. The effective Wilson coefficient Ceff9 as a function
of sˆ = q2/M2B . As the real part of C
eff
9 , the thick(thin) solid
line represents the results with(without) LD contribution, i.e.
Ceff9 (C˜
eff
9 ). The imaginary (dotted line) part of C
eff
9 is the
result without LD contribution.
The long-distance contribution to the exclusive B →
K decay is contained in the meson matrix elements of
the bilinear quark currents appearing in Hℓ+ℓ−eff given by
Eq. (3). The matrix elements of the hadronic currents
for B → K transition can be parametrized in terms of
hadronic form factors as follows
Jµ ≡ 〈K|s¯γµPLb|B〉 = 1
2
[F+(q
2)Pµ + F−(q2)qµ], (5)
and
JµT ≡ 〈K|s¯iσµνqνPRb|B〉
=
1
2(MB +MK)
[q2Pµ − (M2B −M2K)qµ]FT (q2), (6)
where P = PB + PK and q = PB − PK is the four-
momentum transfer to the lepton pair and 4m2l ≤ q2 ≤
(MB−MK)2. We use the convention σµν = (i/2)[γµ, γν ]
for the antisymmetric tensor. Sometimes it is useful to
express Eq. (5) in terms of F+(q
2) and F0(q
2), which are
related to the exchange of 1− and 0+, respectively, and
satisfy the following relations:
F+(0) = F0(0), F0(q
2) = F+(q
2) +
q2
M2B −M2K
F−(q2).
(7)
With the help of the effective Hamiltonian in Eq. (3)
and Eqs. (5) and (6), the transition amplitude for the
B → Kℓ+ℓ− decay can be written as
M = 〈Kℓ+ℓ−|Heff |B〉
=
4GF√
2
α
4π
V ∗tsVtb
{[
Ceff9 Jµ −
2mb
q2
C7J
T
µ
]
ℓ¯γµℓ
+C10Jµℓ¯γ
µγ5ℓ
}
, (8)
where α = e2/4π is the fine structure constant. The dif-
ferential decay rate for the exlcusive rare B → Kℓ+ℓ−
with nonzero lepton mass(mℓ 6= 0) is given by (see Ap-
pendix B for the detailed derivation)
dΓ
dsˆ
=
M5BG
2
F
3 · 29π5α
2|V ∗tsVtb|2φˆ1/2
(
1− 4mˆℓ
sˆ
)1/2
×
[
φˆ
(
1 + 2
mˆℓ
sˆ
)
FT+ + 6
mˆℓ
sˆ
F0+
]
, (9)
where
FT+ = |Ceff9 F+ −
2C7
1 +
√
rˆ
FT |2 + |C10|2|F+|2,
F0+ = |C10|2[(1− rˆ)2|F0|2 − φˆ|F+|2],
φˆ = (sˆ− 1− rˆ)2 − 4rˆ, (10)
with sˆ = q2/M2B, mˆℓ = m
2
ℓ/M
2
B, and rˆ = M
2
K/M
2
B.
We used mb ≃ MB in derivation of Eq. (9). Note also
from Eqs. (9) and (10) that the form factor F−(q2)(or
F0(q
2)) contributes only in the nonzero lepton(mℓ 6= 0)
mass limit. Dividing Eq. (9) by the total width of the B
meson, which is estimated to be [7,34]
Γtot =
fM5BG
2
F
192π3
|Vcb|2, f ≃ 3.0, (11)
one can obtain the differential branching ratio dBR(B →
Kℓ+ℓ−)/dsˆ = (dΓ(B → Kℓ+ℓ−)/Γtot)/dsˆ 1.
1With f = 3 and the central value of |Vcb| = 0.0402 [31], we
obtain τB ≃ 1.688 ps while τ expB± = (1.653 ± 0.028) ps. Since
our numerical results of the branching ratios are obtained
from using Eq. (11), approximately 2% theoretical error due
to the lifetime of B meson is understood.
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As another interesting observable, the longitudinal lep-
ton polarization asymmetry(LPA), is defined as
PL(sˆ) =
dΓh=−1/dsˆ− dΓh=1/dsˆ
dΓh=−1/dsˆ+ dΓh=1/dsˆ
, (12)
where h = +1(−1) denotes right (left) handed ℓ− in the
final state. From Eq. (9), one obtains for B → Kℓ+ℓ−
PL(sˆ) =
2
(
1− 4 mˆℓsˆ
)1/2
φˆC10F+
[
F+ReC
eff
9 − 2C71+√rˆFT
]
[
φˆ
(
1 + 2 mˆℓsˆ
)
FT+ + 6
mˆℓ
sˆ F0+
] .
(13)
Note that our formulas for the differential decay rate in
Eq. (9) and the LPA in Eq. (13) are written in terms
of (F+, F0, FT ) instead of (F+, F−, FT ) as obtained in
Refs. [8,10]. However, our formulas and those in [8,10]
are equivalent with each other once we rearrange our for-
mulas in terms of (F+, F−, FT ). One nice feature of using
F0 in the decay rate formula is to separate the F0 contri-
bution from the total rate as we shall show later.
III. FORM FACTOR CALCULATION IN
LIGHT-FRONT QUARK MODEL
A. Analytic calculation in q+ = 0 frame
As shown in Eq. (9), only two weak form factors F+(q
2)
and FT (q
2) are necessary for the massless(mℓ = 0) rare
exclusive semileptonic b→ sℓ+ℓ− process. The form fac-
tors F+(q
2) and FT (q
2) can be obtained in q+ = 0 frame
with the “good” component of currents, i.e. µ = +, with-
out encountering zero-mode contributions [27]. Thus, we
shall perform our light-front quark model calculation in
the q+ = 0 frame, where q2 = q+q−−~q2⊥ = −~q2⊥ < 0, and
then analytically continue the form factors Fi(~q
2
⊥)(i =
+, T ) in spacelike region to the timelike q2 > 0 region by
changing ~q⊥ to i~q⊥ in the form factor.
The quark momentum variables for PB(q1q¯) →
PK(q2q¯) transitions in the q
+ = 0 frame are given by
p+1 = (1 − x)P+1 , p+q¯ = xP+1 ,
~p1⊥ = (1 − x)~P1⊥ + ~k⊥, ~pq¯⊥ = x~P1⊥ − ~k⊥,
p+2 = (1 − x)P+2 , p′+q¯ = xP+2 ,
~p2⊥ = (1 − x)~P2⊥ + ~k′⊥, ~p′q¯⊥ = x~P2⊥ − ~k′⊥, (14)
which require that p+q¯ = p
′+
q¯ and ~pq¯⊥ = ~p′q¯⊥. For B → K
transitions, one has m1 = mb, m2 = ms, and mq¯ = mu.
Our analysis for b→ sℓ+ℓ− decays will be carried out in
this q+ = 0 frame and the decaying hadron (B-meson) is
at rest, i.e. ~P1⊥ = 0.
The matrix elements of the currents Jµ in Eq. (5) and
JµT in Eq. (6) are obtained by the convolution formula
of the initial and final state light-front wave functions as
follows
〈P2|q¯2Γµq1|P1〉 =
∑
λ′s
∫
d3~pq¯ φ2(x,~k
′
⊥)φ1(x,~k⊥)
×R00†λ2λ¯
u¯λ2(p2)√
p+2
Γµ
uλ1(p1)√
p+1
R00λ1λ¯, (15)
where Γµ = γµPL for J
µ in Eq. (5) and iσµνqνPR for J
µ
T
in Eq. (6), respectively. The measure [d3~pq¯] in Eq. (15)
is written in terms of light-front variables as
d3~pq¯ = P
+
1 dxd
2~k⊥
√
∂k′z
∂x
√
∂kz
∂x
, (16)
where ∂kz/∂x is the Jacobian of the variable transforma-
tion {x,~k⊥} → ~k = (kz , ~k⊥) defined by
∂kz
∂x
=
M0
4x(1 − x)
[
1−
(
m2q −m2q¯
M20
)2]
, (17)
M20 =
m2q +
~k2⊥
1− x +
m2q¯ +
~k2⊥
x
. (18)
The spin-orbit wave functionRJJzλq,λq¯ (x,~k⊥) is obtained by
the interaction-independent Melosh transformation. The
explicit covariant form for a pseudoscalar(J = 0, Jz = 0)
meson is given by
RJ=0,Jz=0λq,λq¯ (x,~k⊥) =
u¯(pq, λq)γ
5v(pq¯, λq¯)√
2
√
M20 − (m2q −m2q¯)2
, (19)
where λ′s are light-front helicities. Our radial wave func-
tion is given by the gaussian trial function for the vari-
ational principle to the QCD-motivated effective light-
front Hamiltonian [20]:
φ(x,~k⊥) =
(
1
π3/2β3
)1/2
exp(−~k2/2β2), (20)
which is normalized as
∫
d3k|φ(x,~k⊥)|2 = 1, where ~k2 =
~k2⊥ + k
2
z and kz is given by
kz = (x− 1
2
)M0 +
m2q −m2q¯
2M0
. (21)
Then, the sum of the light-front spinors over the helic-
ities in Eq. (15) are obtained as∑
λ′s
v†λq¯ (pq¯)γ
5u¯†λ2(p2)u¯λ2(p2)Γ
µuλ1(p1)u¯λ1(p1)γ
5vλq¯ (pq¯)
= Tr
[
(6pq¯ −mq¯)γ5(6p2 +m2)Γµ(6p1 +m1)γ5
]
. (22)
Using the matrix element of the “+” component of the
currents(µ = +), and the particle on-mass shell condi-
tion, i.e. the light-front energy p−i = (~p
2
i⊥ +m
2
i )/p
+
i (i =
4
1, 2 and q¯) in Eq. (22), we obtain the weak form factors
F+(~q
2
⊥) and FT (~q
2
⊥) as follows
F+(~q
2
⊥) =
∫ 1
0
dx
∫
d2~k⊥
√
∂k′z
∂x
√
∂kz
∂x
φ2(x,~k
′
⊥)φ1(x,~k⊥)
× A1A2 +
~k⊥ · ~k′⊥√
A21 +
~k2⊥
√
A22 +
~k′
2
⊥
, (23)
and
FT (~q
2
⊥) =−
∫ 1
0
dx
∫
d2~k⊥
√
∂k′z
∂x
√
∂kz
∂x
φ2(x,~k
′
⊥)φ1(x,~k⊥)
× MB +MK
(1− x)M˜0M˜ ′0
[
(m2 −m1)
~k⊥ · ~q⊥
~q2⊥
+A1
]
,
(24)
where Ai = xmi + (1 − x)mq¯(i = 1, 2), M˜0 =√
M20 − (mq −mq¯)2, and ~k′⊥ = ~k⊥ − x~q⊥. The primed
factors in Eqs. (23) and (24) are the functions of fi-
nal state momenta, e.g. k′z = k
′
z(x,
~k′⊥) and M˜ ′0 =
M˜ ′0(x, ~k′⊥). Since the weak form factors F+(~q2⊥) in
Eq. (23) and FT (~q
2
⊥) in Eq. (24) are defined in the
spacelike(q2 < 0) region, we then analytically continue
them to the timelike q2 > 0 region by replacing q⊥ with
iq⊥ in the form factors. We describe in Appendix C our
procedure of analytic continuation of the weak form fac-
tors.
Our analytic solutions will be compared with the fol-
lowing parametric form used by many others [7–9,13,29]
F (q2) =
F (0)
1− σ1q2 + σ2q4 , (25)
where the parameters σ1 and σ2 are determined by the
first and second derivatives of F (q2) at q2 = 0.
B. Effective calculation in q+ > 0 frame
Our effective calculation of weak form factors
is performed in the purely longitudinal momentum
frame [22,27] where q+ > 0 and ~P1⊥ = ~P2⊥ = 0 so
that the momentum transfer square q2 = q+q− > 0 is
timelike.
One can then easily obtain q2 in terms of the mo-
mentum fraction α = P+2 /P
+
1 = 1 − q+/P+1 as q2 =
(1− α)(M21 −M22 /α). Accordingly, the two solutions for
α are given by
α± =
M2
M1
[
M21 +M
2
2 − q2
2M1M2
±
√(
M21 +M
2
2 − q2
2M1M2
)2
− 1
]
.
(26)
The +(−) sign in Eq. (26) corresponds to the daughter
meson recoiling in the positive(negative) z-direction rel-
ative to the parent meson. At zero recoil(q2 = q2max) and
maximum recoil(q2 = 0), α± are given by
α+(q
2
max) = α−(q
2
max) =
M2
M1
,
α+(0) = 1, α−(0) =
(
M2
M1
)2
. (27)
The quark momentum variables in the q+ > 0 frame are
similar to Eq. (14) in the q+ = 0 frame but the momen-
tum transfer q2 in q+ > 0 frames flows through only lon-
gitudinal component of quark and antiquark momenta,
i.e.
p+1 = (1 − x)P+1 , p+q¯ = xP+1 , ~p1⊥ = −~pq¯⊥ = ~k⊥,
p+2 = (1 − x′)P+2 , p′+q¯ = x′P+2 , ~p2⊥ = −~p′q¯⊥ = ~k⊥, (28)
where x′ = x/α and ~P1⊥ = ~P2⊥ = 0 has been used (see
Fig. 2).
The α±-independent form factors F±(q2) defined in
q+ > 0 frames are then obtained as follows
F±(q2) = ± (1∓ α−)j
+(α+)− (1∓ α+)j+(α−)
α+ − α− , (29)
where j+(α±) = 〈K|s¯γ+PLb|B〉|α±/P+1 from Eq. (5).
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FIG. 2. The covariant diagram (a) corresponds to the sum
of the LF valence diagram (b) defined in 0 < x < α region and
the nonvalence diagram (c) defined in α < x < 1 region. The
large white and black blobs at the meson-quark vertices in (b)
and (c) represent the ordinary LF wave function and the non-
valence wave function vertices, respectively. The small black
box at the quark-gauge boson vertex indicates the insertion
of the relevant Wilson operator.
As shown in Fig. 2, the q+>0 frame requires not
only the particle-number-conserving (valence) Fock state
contribution in Fig. 2(b) but also the particle-number-
nonconserving (nonvalence) Fock state contribution in
Fig. 2(c); i.e. j+(α±) = j+val(α±) + j
+
nv(α±) in Eq. (29).
In our previous works [22,23], we have developed a new
effective treatment of the non-wave-function vertex(black
blob in Fig. 2(c)) in the nonvalence diagram arising from
the quark-antiquark pair creation/annihilation. Since
the detailed procedures for obtaining the effective solu-
tion for the non-wave-function vertex have been given
in [22,23], here we briefly present the salient points of
our effective method [22,23] and the final forms of the
current matrix elements for both valence and nonvalence
diagrams.
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The essential feature of our approach is to consider
the light-front wave function as the solution of light-front
Bethe-Salpeter equation(LFBSE) given by
(M2 −M20)Ψ(xi, ~ki⊥)
=
∫
[dy][d2~l⊥]K(xi, ~ki⊥; yj,~lj⊥)Ψ(yj ,~lj⊥), (30)
where K is the B-S kernel which in principle includes
all the higher Fock-state contributions, M20 = (m21 +
~k21⊥)/x1+(m
2
2+
~k22⊥)/x2, and Ψ(xi, ~ki⊥) is the B-S ampli-
tude. Both the valence(white blob) and nonvalence(black
blob) B-S amplitudes are solutions to Eq. (30). For
the normal(or valence) B-S amplitude, x1 = x and
x2 = α − x > 0, while for the nonvalence B-S ampli-
tude, x1 = x and x2 = α − x < 0. As illustrated in
Figs. 2(b) and (c), the nonvalence B-S amplitude is an
analytic continuation of the valence B-S amplitude. In
the LFQM the relationship between the B-S amplitudes
in the two regions is given by [22,23]
(M2 −M20)Ψ′(xi, ~ki⊥)
=
∫
[dy][d2~l⊥]K(xi, ~ki⊥; yj,~lj⊥)Ψ(yj ,~lj⊥), (31)
where Ψ′(xi, ~ki⊥) represents the nonvalence B-S ampli-
tude and again the kernel includes in principle all the
higher Fock state contributions because all the higher
Fock components of the bound-state are ultimately re-
lated to the lowest Fock component with the use of the
kernel. This is illustrated in Fig. 3.
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FIG. 3. Non-wave-function vertex(black blob) linked to an
ordinary LF wave function(white blob).
Equations (30) and (31) are integral equations for
which one needs nonperturbative QCD to obtain the ker-
nel. We do not solve for the B-S amplitudes in this
work, but a nice feature of Eq. (31) is a natural link be-
tween nonvalence B-S amplitude Ψ′ and the valence one
Ψ which enables an application of a light-front CQM even
for the calculation of nonvalence contribution in Fig. 2(c).
In (1 + 1)-QCD models [35,36], it is shown that expres-
sions for the nonvalence vertex analogous to our form
given in Eq. (31) are obtained. With the iteration pro-
cedure given by Eq. (31) in this q+ > 0 frame, we obtain
the current matrix element of the nonvalence diagram in
terms of light-front vertex function and the gauge bo-
son vertex function. The interested reader may consult
Refs. [22,23] on this subject.
The matrix element of the valence current, j+val in
Eq. (29), is given by
j+val =
∫ α
0
dx
∫
d2~k⊥
√
∂k′z
∂x′
√
∂kz
∂x
φ2(x
′, ~k⊥)φ1(x,~k⊥)
× B1B2 +
~k2⊥√
B21 +
~k2⊥
√
B22 +
~k2⊥
, (32)
where
B1 = xm1 + (1− x)mq¯ , B2 = x′m2 + (1− x′)mq¯, (33)
and k′z = kz(x
′, ~k⊥) in Eq. (21). The matrix element of
the nonvalence current, j+nv in Eq. (29), is obtained as
j+nv =
∫ 1
α
dx
x′(1− x′)
∫
d2~k⊥
√
∂kz
∂x
χg(x,~k⊥)φ1(x,~k⊥)
×
~k2⊥ + B1B2 + x(1 − x)(1 − x′)(M21 −M20 )√
x(1− x)M˜0
×
∫
d̂y
∫
d2~l⊥
√
∂lz
∂y
K(x,~k⊥; y,~l⊥)
M˜ ′0(y,~l⊥)
φ2(y,~l⊥), (34)
where
χg(x,~k⊥) =
1
α
[
q2
1−α −
(
~k2
⊥
+m2
1
1−x +
~k2
⊥
+m2
2
x−α
)] (35)
is the light-front vertex function of a gauge boson 2 and
d̂y = dy/
√
y(1− y). In derivation of Eq. (34) with the
“+”-component of the current, we also separate the on-
mass shell propagating part(i.e. the term proportional
to (~k2⊥ + B1B2)) from the instantaneous part(i.e. the
term proportional to x(1− x)(1− x′)(M21 −M20 )), where
the struck quarks (m1 = mb and m2 = ms) are on-mass
shell and the spectator quark (mq¯ = mu) is off-mass shell.
Note that the instantaneous contribution exists only for
the nonvalence diagram as far as the “+”-component of
the current is used. As we shall show in the next numer-
ical section, the instantaneous contribution to the weak
form factors F±(q2) for B → K transition is quite sub-
stantial near zero recoil.
Note that Eq. (31) was used to obtain the last term
in Eq. (34). While the relevant operator K is in general
dependent on all internal momenta (x,~k⊥; y,~l⊥), the in-
tegral of K over y and ~l⊥ in Eq. (34) depends only on x
and ~k⊥, which we define
GBK(x,~k⊥) ≡
∫
d̂y
∫
d2~l⊥
√
∂lz
∂y
K(x,~k⊥; y,~l⊥)
M˜ ′0(y,~l⊥)
φ2(y,~l⊥).
(36)
2While one can in principle also consider the B-S amplitude
for χg, we note that such extension does not alter our results
within our approximation in this work because both hadron
and gauge boson should share the same kernel.
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In this work, we approximate GBK(x,~k⊥) as a constant
which has been tested in our previous works [22,23] and
proved to be a good approximation. As we shall show in
the next section, the reliability of this approximation can
be checked by examining the frame-independence of our
numerical results.
IV. NUMERICAL RESULTS
In our numerical calculation for the process of B →
Kℓ+ℓ− transition, we use the linear potential parame-
ters presented in Ref. [21]. Our predictions of the decay
constants forK and B were reported [20,21] as fK=161.4
MeV(Exp.= 159.8±1.4) [20] and fB = 171.4 MeV [21],
respectively.3 Our model parameters and decay con-
stants are summarized in Table I and compared with ex-
perimental data [31] as well as lattice results [37]. Note
that in the numerical calculations we take mb = 5.2 GeV
in all formulas except in the Wilson coefficient Ceff9 , where
mb = 4.8 GeV has been commonly used.
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1.5
2.0
B
−>
 K
 T
ra
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iti
on
F+(q2) in q+=0 frame
FT(q2) in q+=0 frame
F+(q2) from F+(0)/[1−σ1q2+σ2q4]
FT(q2) from FT(0)/[1−σ1q2+σ2q4]
FIG. 4. Analytic solutions of F+(q
2)(thick solid line) and
FT (q
2)(thick dashed line) compared with the results(thin
lines) obtained from the parametric formula given by Eq. (25)
for B → K transition.
In Fig. 4, we show our analytic(q+ = 0 frame) solu-
tions for the weak form factors F+(q
2)(thick solid line)
and FT (q
2)(thick dashed line) for −5 GeV2 ≤ q2 ≤
3The difference of decay constants between this work and
Refs. [20,21] is only due to the definition, i.e. we use the def-
inition 〈0|q¯2γµγ5q1|P 〉 = ifPPµ in this work so that fExp.π =
130.7±0.1 MeV while we used 〈0|q¯2γµγ5q1|P 〉 = i
√
2fPP
µ in
Refs. [20,21].
(MB −MK)2. We also include the results obtained from
the parametric formula given by Eq. (25) where the thin
solid(dashed) line represents F+(FT ). Our analytic solu-
tions given by Eqs. (23) and (24) are well approximated
by Eq. (25) up to q2 <∼ 15 GeV2 but show some de-
viations near zero recoil point. We summarize in Ta-
ble II our numerical results for the weak form factors
F+(q
2) and FT (q
2) at q2 = 0 and the parameters σi
defined in Eq. (25) and compare with other theoreti-
cal results [7,9,13,29]. As one can see from Table II,
our results for the F+(q
2) and FT (q
2) in q2 → 0 limit
are quite comparable with other theoretical results. As
other theoretical schemes predicted, our results also show
F+(0)(= 0.348) ≃ −FT (0)(= −0.324).
0 5 10 15 20
q2[GeV2]
−1.0
−0.5
0.0
0.5
1.0
1.5
2.0
2.5
F
+
B
K
(q
2 )
Analytic sol. from q+=0 frame
Effective sol.(=val.+nv.) from q+>0 frame
Valence part from q+>0 frame
Instantaneous part from q+>0 frame
FIG. 5. Effective solution of F+(q
2)(thin solid line) for
B → K transition. The line code is in the figure.
For the analysis of heavy τ decay process, the weak
form factor F−(q2)(or equivalently F0(q2)) is necessary
for the calculations of the decay rate and the LPA and
we obtain it using our effective method [22,23] in q+ > 0
frame as described in Sec. III(B). In Fig. 5, we show our
effective(q+ > 0 frame) solution of F+(q
2) (thin solid
line) with a constant GBK = 3.9 fixed by the normal-
ization of F+(q
2) in the q+ = 0 frame (thick solid line)
at q2 = 0 limit. As one can see in Fig. 5, our effec-
tive solution of F+(q
2)(thin solid line) is very close to
the analytic one(thick solid line) for the entire kinematic
region. It justifies the reliability of our constant approx-
imation GBK of the kernel K. For comparison, we also
show the valence(dotted line) and the instantaneous(dot-
dashed line) contributions to F+(q
2) in the q+ > 0 frame.
Although the valence contribution dominates over the
nonvalence one for q2 <∼ 10 GeV2, the nonvalence (es-
pecially the instantaneous) contribution is not negligible
for q2 >∼ 10 GeV2.
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FIG. 6. Effective solutions(solid line) of F0(q
2) and F−(q
2)
compared with the valence contributions(dotted line) for
B → K transition.
Using the same constant operator GBK = 3.9, we
are now able to calculate the scalar form factors F0(q
2)
and F−(q2) in q+ > 0 frames and the results are
shown in Fig. 6(solid line). As in the case of F+(q
2) in
Fig. 5, we also include the valence contributions(dotted
line) to both F0(q
2) and F−(q2) and the instantaneous
contribution(dot-dashed line) to F0(q
2). It is very in-
teresting to note especially from F−(q2) that the non-
valence contribution, i.e. the difference between solid
and dotted lines, is very substantial even at the max-
imum recoil point(q2 = 0) and is growing as q2 in-
creases. As a reference, our numerical results for F− ob-
tained from our effective(valence) solution at maximum-
and zero-recoil limits are F−(0) = −0.14(−0.34) and
F−(q2max) = −0.9(−2.23), respectively. Our result for
F−(q2) presented in Fig. 6 agrees very well with the light
cone QCD sum rule (LCSR) result for F−(q2) by Aliev
et al. [15](See their Fig.1(b)). Similarly, our effective so-
lution for F0(q
2) is in a close agreement with the LCSR
results given by Ball [13] and Ali et al. [16]. Our effec-
tive solution of F0(q
2) as well as the analytic solutions
of F+(q
2) and FT (q
2) shown in Fig. 4 will be used for
the calculations of the branching ratios and the longi-
tudinal lepton polarization asymmetries. We shall also
discuss how we take the effect of the vector meson dom-
inance(VMD) into account at the end of this section.
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FIG. 7. The branching ratios for B → Kℓ+ℓ−(ℓ = e, µ)(a)
and B → Kτ+τ−(b) transitions. The thick(thin) solid line
represents the result with(without) LD contribution to Ceff9
in Eq. (4). The dotted line in (b) represents the F0(q
2) con-
tribution to the total branching ratio of τ decay.
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We now show our results for the differential branch-
ing ratios for B → Kℓ+ℓ−(ℓ = e, µ) in Fig. 7(a) and
B → Kτ+τ− in Fig. 7(b), respectively. The thick(thin)
solid line represents the result with(without) the LD
contribution(YLD(sˆ)) to C
eff
9 given by Eq. (4). In plot-
ting Figs. 7(a) and (b), we set mℓ = 0 and mτ=1.777
GeV, respectively. As one can see the pole contributions
clearly overwhelm the branching ratio near J/ψ(1S) and
ψ′(2S) peaks, however, suitable ℓ+ℓ− invariant mass cuts
can separate the LD contribution from the SD one away
from these peaks. This divides the spectrum into two dis-
tinct regions [24,38]: (i) low-dilepton mass, 4m2ℓ ≤ q2 ≤
M2J/ψ − δ, and (ii) high-dilepton mass, M2ψ′ + δ ≤ q2 ≤
q2max, where δ is to be matched to an experimental cut.
The branching ratios with[without] the pole(i.e. LD) con-
tributions for B → Kℓ+ℓ− are presented in Table III for
low(second column), high(third column), and total(4th
column) dilepton mass regions of q2. Although the con-
tribution of scalar form factor F0(q
2) to massless lepton
decay is negligible(zero formℓ = 0), its contribution to τ -
decay as shown in Fig. 7(b)(dotted line) is very substan-
tial, e.g. ∼ 75% contribution to the total(nonresonant)
decay rate in our model calculation. Thus, the reli-
able calculation of F0(q
2) is absolutely necessary and our
effective method of calculating the nonvalence diagram
seems very useful.
It is worthwhile to compare our results for the branch-
ing ratios with other light-front quark models [8,10].
While the authors in Ref. [8] used the simple parametric
formula, Eq. (25), to obtain F+ and FT and the heavy
quark symmetry(HQS) to extract F−, the authors in
Ref. [10] used the dispersion representation through the
(Gaussian) wave functions of the initial and final mesons
and then analytically continue the form factors from the
spacelike region to the timelike region. The common as-
pect in these models is to have the same form factors F+
and FT , which are free from the zero-mode contribution,
not in the timelike region but in the spacelike region as
far as the same model parameters are used. Indeed our
method of analytic continuation of the form factors F+
and FT is equivalent to that of Ref. [10]. However, the dif-
ference is in the calculation of F−, which is not immune to
the zero-mode contribution. The zero-mode contribution
must be properly taken into account for the calculation
of F−. Thus, it is not quite surprising to note that al-
though our branching ratio(see Fig. 7(a)) for the massless
lepton (ℓ = e, µ) decay is not much different from the re-
sults in Ref. [8](see their Fig. 1(a)) and Ref. [10](see their
Fig. 3(a)), our branching ratio(see Fig. 7(b)) for the τ de-
cay is quite different from the results in Ref. [8](see their
Fig. 1(b)) and Ref. [10](see their Fig. 3(c)).
Our numerical results for the non-resonant branch-
ing ratios(assuming |Vtb| ≃ 1) are 4.96 × 10−7|Vts/Vcb|2
for B → Kℓ+ℓ− (ℓ = e, µ) and 1.27 × 10−7|Vts/Vcb|2
for B → Kτ+τ−, respectively. While the CLEO Col-
laboration [1] reported the branching ratio Br(B →
Ke+e−) < 1.7 × 10−6, the Belle Collaboration(K. Abe
et al.) [1] reported Br(B → Ke+e−) < 1.2 × 10−6 and
Br(B → Kµ+µ−) = (0.99+0.39+0.13−0.32−0.15) × 10−6, respec-
tively. Our non-resonant results for the branching ratios
of B → Kℓ+ℓ− is summarized in Table IV and compared
with experimental data as well as other theoretical pre-
dictions within the SM.
The exclusive B → Kτ+τ− has been computed via the
heavy meson chiral perturbation theory by Du et al. [18],
where the branching ratio of the exclusive decay was
found to be about 50−60% of the inclusive one. Although
calculations of exclusive decay rates are inherently model
dependent, chiral perturbation theory is known to be
reliable at energy scales smaller than the typical scale
of chiral symmetry breaking, ΛCSB ≃ 4πfπ/
√
2. In
B → Kτ+τ−, the maximum energy of the K-meson
in the B rest frame is (M2B +M
2
K − 4m2τ )/2MB ∼ 1.5
GeV, which places most of the available phase space
around the scale ΛCSB [18,24]. From the above argu-
ment and our exclusive τ branching fraction, we can es-
timate the branching ratio of inclusive B → Xsτ+τ−
as (2.12 − 2.54) × 10−7|Vts/Vcb|2 which is quite com-
parable to the prediction given by Hewett [24] where
BR(B → Xsτ+τ−) = 2.5× 10−7 was obtained.
In Figs. 8(a) and (b), we show the longitudinal lepton
polarization asymmetries for B → Kµ+µ− and B →
Kτ+τ− as a function of sˆ, respectively, and with (thick
solid line) and without (thin solid line) LD contributions.
For the B → Kµ+µ− case, we use the physical muon
mass, mµ=105 MeV. In both figures, the longitudinal
lepton polarization asymmetries become zero at the end
point regions of sˆ. Our numerical values of PL without
LD contributions and away from the end point regions
are −0.97 < PL < −0.98 in 0.3 < sˆ < 0.6 region for
B → Kµ+µ− and −0.15 < PL < −0.18 in 0.5 < sˆ < 0.7
region for B → Kτ+τ−, respectively. In fact, the PL
for the muon decay is insensitive to the form factors, e.g.
our PL ≃ −0.98(away from the end points region) is well
approximated by [11]
PL ≃ 2 C10ReC
eff
9
|Ceff9 |2 + |C10|2
≃ −1, (37)
in the limit of C7 → 0 from Eq. (13). It also shows that
the PL for the µ dilepton channel is insensitive to the
little variation of C7 as expected. On the other hand,
the LPA for the τ dilepton channel is sensitive to the
form factors. In other words, as in the case of branching
ratios, although our result of the LPA for the muon de-
cay is not much different from the results in Ref. [8](see
their Fig. 2(a)) and Ref [10](see their Fig. 5(a)), the
result for the tau decay is quite different from the re-
sults in Ref. [8](see their Fig. 2(b)) and Ref [10](see their
Fig. 5(c)).
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FIG. 8. The longitudinal lepton polarization asymmetries
PL(sˆ) for B → Kℓ+ℓ−(a) and B → Kτ+τ−(b) transitions.
The same line code is used as in Fig. 7.
Comparing our results for the weak form factors with
other phenomenological models, one may find that there
is in general a good agreement for small and intermedi-
ate q2 region. Nevertheless, there are some differences for
large q2 region where vector mesons are expected to dom-
inate(VMD) especially for F+(q
2). For example, both
results of the LCSR in [13,39] and our LFQM analyses
show that the direct solution for F+(q
2) is well approx-
imated by Eq. (25) up to q2 <∼ 15 GeV2. However, the
large momentum behavior of F+(q
2)(as well as FT (q
2))
is somewhat different since our model does not include
the VMD effect.
Following the same method used in recent LCSR anal-
ysis [39], we use the VMD formula(i.e. B∗-pole with
MB∗ = 5.325 GeV) given by
FVMD+ (q
2) =
c
1− q2/M2B∗
(38)
at large q2 region and match the parametric formula
F+(q
2) in Eq. (25) by the following constraint [39]
FVMD+ (q
2) = F+(q
2) in Eq. (25),
d
dq2
FVMD+ (q
2) =
d
dq2
F+(q
2) in Eq. (25), (39)
to make both parametrizations smooth connection at a
transition point q2 = q20 , where c is fixed at q
2 = q20 in
Eq. (39). We should note that the F+(q
2) in Eq. (25) is
almost equivalent to our LFQM prediction FLFQM+ (q
2) up
to q2 <∼ 15 GeV2 and the transition point q20 is expected
to be at q2 ∼ 15 GeV2(see also Ref. [39]) in order to make
interpolation between FLFQM(q2 ≤ q20) and FVMD(q2 ≥
q20) more sense.
4 In our case for B → K transition, we
obtain (c, q20)=(0.388, 14.38 GeV
2) for FBK+ (q
2). For the
tensor form factor, we get (c, q20)=(−0.358, 14.23 GeV2)
for FT (q
2).
It is necessary to discuss the exclusive B → πℓνℓ pro-
cess in that the constant c has a direct physical implica-
tion for B → πℓνℓ process, i.e. it is related to the physical
couplings as [39,41,42]
c =
fB∗gB∗Bπ
2MB∗
(40)
where fB∗ is the decay constant of the B
∗ meson defined
by 〈0|b¯γµu|B∗〉 = MB∗fB∗ǫµ and gB∗Bπ is the (axial-
current) coupling defined by 〈B0(P )π+(q)|B∗+(P +
q)〉 = gBB∗π(q · ǫ) and can be extracted from soft pion
q2 → 0 limit in the heavy meson chiral perturbation
theory [43,44]. In the limit where the heavy quark
mass mQ(Q = c, b) goes to infinity there are flavor-
independent relations between coupling constants
g =
fπ
2MD
gD∗Dπ =
fπ
2MB
gB∗Bπ, (41)
where fπ = 131 MeV and the coupling constant g appears
in the interaction Lagrangian of the effective meson field
theory [17,43,44].
In our numerical calculation of c for the exclusive
B → πeνe process, we obtain (c, q20)=(0.312,15.12 GeV2)
from Eq. (39) and (σ1, σ2) = (4.75 × 10−2, 5.50 × 10−4)
in Eq. (25), which was obtained in our previous anal-
ysis [45]. Since we also obtained the B∗ meson decay
constant as fB∗ = 185.8 MeV [45], we can now ex-
tract the coupling constant of the B∗ to Bπ-pair and
4As discussed in [40], a naive extrapolation of the VMD
formula in Eq. (38) to the point q2 = 0 is not consistent with
the monopole formula F+(q
2) = F+(0)/(1 − q2/Λ21) used in
many theoretical ansatz since the relevant parameters are in
general different, i.e. F+(0) 6= c and Λ1 6=MB∗ .
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the result is gB∗Bπ+ = 17.88 and g=0.23 while the re-
cent fit [46] to the experimental data gives two possible
solutions, g = 0.27+0.04+0.05−0.02−0.02 or g = 0.76
+0.03+0.2
−0.03−0.1. We
acknowledge the remark in [46] that for the B → πℓνℓ
form factors with Eπ < 2mπ, analytic bounds combined
with chiral perturbation theory give gfB <∼ 50 MeV [47].
That means while the solution g = 0.27 gives fB <∼ 190
MeV, g = 0.76 gives fB <∼ 66 MeV, which is roughly a
factor of three smaller than lattice QCD result [37],i.e.
fLat.B = 200 ± 30 MeV. Note that our LFQM prediction
is given by fLFQMB = 171.4 MeV. As a reference, other
theoretical calculations for g are 0.2 − 0.4 for the QCD
sum rules, 1/3−0.6 for the quark models5 and 0.42(4)(8)
for the lattice calculation(see Ref. [48] for the survey of
g values obtained from different models).
0 5 10 15 20 25
q2[GeV2]
0
1
2
3
4
5
F +
(LF
QM
+V
MD
) (q2
)
F
+
BK(q2)
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+
B pi(q2)
VMD Correction to LFQM:
 F
+
(0)/[1- σ1q
2
 + σ2q
4](q2=[0,q0
2])
 + c/[1-q2/m2B*](q
2
=[q0
2
,q2
max
])
FIG. 9. VMD corrections to the LFQM predc-
tions for FBK+ (q
2)(solid line) and FBπ+ (q
2)(dashed line), i.e.
F+(q
2) = FLFQM+ (q
2 ≤ q20) + FVMD+ (q2 ≥ q20).
In Fig. 9, we show the VMD corrections to both
FBK+ (q
2)(solid line) and FBπ+ (q
2)(dashed line), i.e.
F+(q
2) = FLFQM+ (q
2 ≤ q20)+FVMD+ (q2 ≥ q20). Comparing
Fig. 4[Fig. 3 in [21]] and Fig. 9, we find the enhancement
of FBK+ (q
2)[FBπ+ (q
2)] at q2 = q2max by around 40[70]%.
Our result for FBπ+ (q
2) including the VMD correction
5Using similar LFQM to ours, Jaus [40] obtained g = 0.56
from the direct calculation of the hadronic matrix element in
the soft pion limit and argued that the calculated ρ − π − π
and K∗−K−π coupling constants within the same model are
in fair agreement with data. The reason for the discrepancy of
g value is not yet understood. However, the computed decay
constants fB and fB∗ are in good agreement between Ref.
[40] and ours.
are quite comparable with that obtained from QCD sum
rules in Ref. [39] where the authors used the same method
to enhance FBπ+ (q
2). Our result for FBK+ (q
2) in Fig. 9
is also comparable with those of Refs. [13,16]. However,
the branching ratio for B → Kℓ+ℓ−(ℓ = e, µ) increases
less than 2% by including the VMD effect. It is not sur-
prising to note that the large enhancement of the weak
form factors near the zero-recoil(q2 = q2max) region does
not affect the differential decay rate very much, since the
phase space of the large q2 region is highly suppressed in
Eq. (9).
V. SUMMARY AND CONCLUSION
In this work, we investigated the rare exclusive
semilpetonic B → Kℓ+ℓ− (ℓ = e, µ and τ) decays within
the SM, using our LFQM which has been tested ex-
tensively in spacelike processes [20,23] as well as in the
timelike exclusive semileptonice decays of pseudoscalar
mesons [21,22]. The form factors F+(q
2) and FT (q
2)
are obtained in the q+ = 0 frame (q2 < 0) and then
analytically continued to the timelike region by chang-
ing q⊥ to iq⊥ in the form factors. The form factor
F−(q2) is obtained from our effective treatment of the
nonvalence contribution in addition to the valence one
in q+ > 0 frames (q2 > 0) based on the B-S formal-
ism. The covariance (i.e. frame-independence) of our
model has been checked by comparison of F+(q
2) ob-
tained from both q+ = 0 and q+ > 0 frames. Our nu-
merical results for the form factors are comparable with
other theoretical calculations as shown in Table II. Us-
ing the solutions of F+ and FT obtained from q
+ = 0
frame and F− obtained from q+ > 0 frame, we calcu-
late the branching ratios and the longitudinal lepton po-
larization asymmetries for B → Kℓ+ℓ− including both
short- and long-distance contributions from QCDWilson
coefficients. Our numerical results for the non-resonant
branching ratios are in the order of 10−7, which are con-
sistent with many other theoretical predictions as shown
in Table IV. Of particular interest, we were able to esti-
mate the inclusive branching ratio for B → Xsτ+τ− as
BR(B → Xsτ+τ−) ∼ (2.12− 2.54)× 10−7|Vts/Vcb|2 with
the help of chiral perturbation theory [18]. For the LPA
as a parity-violating observable, we find that the LPA for
the τ channel is sensitive to the form factors while the
LPA for the µ channel is insensitve to the model for the
hadronic form factors. Thus, the experimental data of
the LPA for τ decay would provide a useful guidance for
the model building of hadrons and make a definitive test
on existing models.
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APPENDIX A: FUNCTIONS YSD(sˆ), YLD(sˆ),
AND ω(sˆ) in Eq. (4)
The function YSD(sˆ) in Eq. (4) is given by
YSD(sˆ) = h(mˆc, sˆ)(3C1 + C2 + C
(0))
−1
2
h(1, sˆ)(4C3 + 4C4 + 3C5 + C6)
−1
2
h(0, sˆ)(C3 + 3C4) +
2
9
C(0)
−V
∗
usVub
V ∗tsVtb
(3C1 + C2)[h(0, sˆ)− h(mˆc, sˆ)], (A1)
where C(0) ≡ 3C3 + C4 + 3C5 + C6. The function
h(mˆq=mq/mb,sˆ) in Eq. (A1) arises from the one loop
contributions of the four quark operators O1 − O6 and
h(mˆc, sˆ), h(1, sˆ), and h(0, sˆ) represent c quark, b quark,
and u, d, s quark loop contributions, respectively. The
explicit form of h(mˆq, sˆ) is given by
h(mˆq, sˆ) = −8
9
ln
(
mb
µ
)
− 8
9
lnmˆq +
8
27
+
4
9
yq
−2
9
(2 + yq)
√
|1− yq|
×
{
Θ(1− yq)
[
ln
1 +
√
1− yq
1−√1− yq − iπ
]
+Θ(yq − 1)2arctan 1√
yq − 1
}
, (A2)
where yq = 4mˆ
2
q/sˆ and
h(0, sˆ) =
8
27
− 8
9
ln
(
mb
µ
)
− 4
9
lnsˆ+
4
9
iπ. (A3)
The function YLD(sˆ) in Eq. (4) is given by
YLD(sˆ) =
3κ
α2
[
−V
∗
csVcb
V ∗tsVtb
(3C1 + C2 + C
(0))− V
∗
usVub
V ∗tsVtb
C(0)
]
×
∑
Vi=J/ψ,ψ′,...
πΓ(Vi → ℓ+ℓ−)MVi
M2Vi − sˆm2b − iMViΓVi
, (A4)
where Γ(Vi → ℓ+ℓ−), ΓVi and MVi are the leptonic
decay rate, width and mass of the ith 1−− cc¯ reso-
nance, respectively. In our numerical calculations, we use
Γ(J/ψ → ℓ+ℓ−) = 5.26 × 10−6 GeV, MJ/ψ = 3.1 GeV,
ΓJ/ψ = 87×10−6 GeV for J/ψ(1S) and Γ(ψ′ → ℓ+ℓ−) =
2.12 × 10−6 GeV, Mψ′ = 3.69 GeV, Γψ′ = 277 × 10−6
GeV for ψ′(2S) [31]. The fudge factor κ is introduced in
Eq. (A4) to account for inadequacies of the naive fac-
torization framework (see [32] for more details.) We
adopt κ=2.3 [30] to reproduce the rate of decay chain
B → XsJ/ψ → Xsℓ+ℓ−.
In the SD contribution of b→ sℓ+ℓ−, the u-quark loop
contribution is neglected due to the smallness of the con-
tribution V ∗usVub/V
∗
tsVtb ≃ O(λ2) (λ ≃ 0.22 is Wolfenstein
parameter) compared with V ∗csVcb ≃ −V ∗tsVtb. The term
(V ∗usVub/V
∗
tsVtb)C
(0) in LD contribution is also neglected
for b→ sℓ+ℓ−.
The function ω(sˆ) in Eq. (4) represents the O(αs) cor-
rection from the one-gluon exchange in the matrix ele-
ment of O9 [33]:
ω(sˆ) = −2
9
π2 − 4
3
Li2(sˆ)− 2
3
lnsˆln(1− sˆ)
− 5 + 4sˆ
3(1 + 2sˆ)
ln(1− sˆ)− 2sˆ(1 + sˆ)(1 − 2sˆ)
3(1− sˆ)2(1 + 2sˆ) lnsˆ
+
5 + 9sˆ− 6sˆ2
6(1− sˆ)(1 + 2sˆ) , (A5)
where Li2(x) = −
∫ 1
0 dt ln(1− xt)/t.
APPENDIX B: DERIVATION OF THE
DECAY RATE FOR B → Kℓ+ℓ−
In this appendix, we show the derivation of the decay
rate for B → Kℓ+ℓ−. For simplicity, we shall omit the
factor V ∗tsVtb in the following derivation.
The transition amplitude for B → Kℓ+ℓ− is given by
M = 〈Kℓ+ℓ−|H|B〉
=
4GF√
2
α
4π
{[
Ceff9 Jµ −
2mb
q2
C7J
T
µ
]
ℓ¯γµℓ
+C10Jµℓ¯γ
µγ5ℓ
}
. (B1)
For all possible spin configurations, we make the replace-
ment
|M|2 → |M|2 ≡ 1
(2SB + 1)(2SK + 1)
∑
all spin states
|M|2,
(B2)
where SB(SK) is the spin of B(K) meson and we sum
over the spins of the lepton pair. After summing over all
spin states for the lepton pair, we obtain
|M|2 = G
2
F
2π2
α2
[
[2(P · pℓ)(P · pℓ¯)−
P 2q2
2
]FT+
+2
mˆℓ
sˆ
F0+
]
, (B3)
where FT+ is given by Eq. (10) and
F0+ = |C10|2
(
[q2P 2 − (P · q)2]|F+|2 + (P · q)2|F0|2
)
.
(B4)
12
Here, we use mb ≃MB in the derivation of Eq. (B3).
In the B−meson rest frame, Eq. (B3) can be rewritten
as
|M|2 = M
2
BG
2
F
π2
α2
[
[|~PK |2 − (Eℓ − Eℓ¯)2]FT+
+
mˆℓ
sˆ
M2BF0+
]
, (B5)
where |~PK |2 =M2Bφˆ/4.
The differential decay rate for B → Kℓ+ℓ− is given by
dΓ =
|M|2
2MB
(
d3 ~PK
(2π)32EK
)(
d3 ~Pℓ
(2π)32Eℓ
)(
d3 ~Pℓ¯
(2π)32Eℓ¯
)
×(2π)4δ4(PB − PK − Pℓ − Pℓ¯). (B6)
After doing the ~Pℓ¯ integration, one obtains
dΓ =
MBG
2
F
64π5
α2
[
[|~PK |2 − (2Eℓ + EK −MB)2]FT+
+
mˆℓ
sˆ
M2BF0+
]
dEKdEℓ. (B7)
The lepton energy Eℓ in Eq. (B7) satisfies the following
upper(E+ℓ ) and lower(E
−
ℓ ) bounds
E±ℓ =
(MB − EK)± |~PK |
√
1− 4(mˆℓ/sˆ)
2
. (B8)
Finally, the integration of Eq. (B7) over Eℓ with dEK =
(MB/2)dsˆ gives Eq. (9).
APPENDIX C: ANALYTIC FORM OF THE
WEAK FORM FACTORS IN TIMELIKE
REGION
In this appendix, we show the generic form of our analytic
solutions for the weak form factors F+(q
2)[Eq. (23)] and
FT (q
2)[Eq. (24)] in timelike region.
In our numerical analysis, we use change of variables
as
~k⊥ = ~ℓ⊥ +
xβ21
β21 + β
2
2
~q⊥,
~k′⊥ = ~ℓ⊥ − xβ
2
2
β21 + β
2
2
~q⊥. (C1)
Since the form factors in Eqs. (23) and (24) involve the
terms proportional to (~ℓ⊥ · ~q⊥)odd, which are related to
the imaginary parts of the form factors by changing ~q⊥ to
i~q⊥, we separate the terms with even powers of (~ℓ2⊥, ~q
2
⊥)
from those with (~ℓ⊥ · ~q⊥)odd in the form factors. One
useful identity in this separation procedure is
√
2
√
a+ b(~p⊥ · ~q⊥) =
√
a+
√
a2 − b2(~p⊥ · ~q⊥)2
+
b(~p⊥ · ~q⊥)√
a+
√
a2 − b2(~p⊥ · ~q⊥)2
. (C2)
By changing ~p⊥ · ~q⊥ → i~p⊥ · ~q⊥ = i|~ℓ⊥|
√
q2 cos θ ≡
iδl where q
2 > 0, we separate the ‘Real’-parts from
‘Imaginary’-parts in Eqs. (23) and (24) as follows
β21
~k′
2
2 + β
2
2
~k21
2β21β
2
2
≡ ℓ¯R(~ℓ2⊥, q2) + iδlℓ¯I(~ℓ2⊥, q2), (C3)
from the exponent of φ2φ1, and√
∂k′z
∂x
√
∂kz
∂x
≡ JR(~ℓ2⊥, q2) + iδlJI(~ℓ2⊥, q2), (C4)
from the Jacobi factor. The separations of Eqs. (C3)
and (C4) are common for both F+(q
2) and FT (q
2). The
main difference between the two form factors comes from
different vertex structure and we denote generically as∑
λ′s
R00†λ2λ¯
u¯λ2(p2)√
p+2
Γ+
uλ1(p1)√
p+1
R00λ1λ¯
=MR(~ℓ2⊥, q2) + iδlMI(~ℓ2⊥, q2). (C5)
Combining Eqs. (C3-C5), we separate the ‘Real’ and
‘Imaginary’ parts of the weak form factors:
F (q2) =
1
(πβ1β2)3/2
∫ 1
0
dx
∫
d2~ℓ⊥ exp(−ℓ¯R)
×
[
[JRMR − δ2l JIMI ][cos(δlℓ¯I)− i sin(δlℓ¯I)]
+δl[JRMI + JIMR][sin(δlℓ¯I) + i cos(δlℓ¯I)]
]
,
≡ FR(q2) + iFIm(q2). (C6)
We do not list here the detailed functional forms of other
terms. However, since only the term δl is of odd power
in ~ℓ⊥ and ~q⊥, one can easily check the imaginary term
of the form factor FIm(q
2) vanishes after ℓ⊥ integration
due to the fact that
∫
d2~ℓ⊥ℓodd⊥ exp(−ℓeven⊥ ) = 0. In fact,
we also found that the term δlℓ¯I is small enough to make
cos(δlℓ¯I) ≃ 1 and sin(δlℓ¯I) ≃ δlℓ¯I with very high accu-
racy.
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TABLE I. Model Parameters (mq, β) and the decay con-
stants defined by 〈0|q¯2γµγ5q1|P 〉 = ifPPµ for π, K and B
mesons used in our analysis. We also compare our decay con-
stants with the data [31] and the lattice result [37].
Meson(qQ¯) mQ[GeV] βqQ¯[GeV] f [MeV] f
exp.
π 0.22 0.3659 130 131
K 0.45 0.3886 161.4 159.8±1.4
B 5.2 0.5266 171.4 200± 30 [37]
TABLE II. Results for form factors F (0) and parameters
σi defined in Eq. (25).
Model F+(0) σ1 σ2 FT (0) σ1 σ2
This work 0.348 4.60E-2 5.00E-4 −0.324 4.52E-2 4.66E-4
QM [7] 0.30 6.07E-2 1.08E-3 −0.30 6.01E-2 1.09E-3
QM [9] 0.36 4.8E-2 6.3E-4 −0.346 4.9E-2 6.4E-4
SR [13] 0.341 5.06E-2 5.22E-4 – – –
SR [29] 0.35 4.91E-2 4.50E-4 −0.39 4.91E-2 4.76E-4
TABLE III. Branching ratio(in units of |Vts/Vcb|2)
with[without] the pole contributions for B → Kℓ+ℓ− for low,
high, and total dilepton mass region.
Mode 1 ≤ q2 ≤ 8 16.5 ≤ q2 ≤ 22.9 4m2ℓ ≤ q2 ≤ 22.9 [GeV2]
(e, µ) 2.59 × 10−7 3.34 × 10−8 –
[2.25 × 10−7] [3.70 × 10−8] [4.96 × 10−7]
τ – 7.20 × 10−8 –
– [7.47 × 10−8] [1.27 × 10−7]
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TABLE IV. Non-resonant branching ratio(in units of
10−7 × |Vts/Vcb|2) for B → Kℓ+ℓ− transition compared with
other theoretical model predictions within the SM as well as
the experimental data taken from the Belle Collaboration(by
K. Abe et al.) [1].
Mode This work [10] [15] [16] Exp. [1]
e 4.96 4.4 3.2 ± 0.8 5.7 < 1.2 × 10−6
µ 4.96 4.4 3.2 ± 0.8 5.7 (0.99+0.39+0.13
−0.32−0.15)× 10−6
τ 1.27 1.0 1.77 ± 0.40 1.3 –
15
